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The propagation of leaky Lamb waves in a plate consisting of a general balanced symmetric 
composite material is considered. The problem has been examined both analytically as well as 
experimentally. An exact solution for the dispersion equation was obtained. Numerical results 
for complex-valued wavenumber were obtained for an isotropic material (aluminum) and a 
(0/903) s graphite/epoxy laminate. Excellent agreement for the isotropic case and a 
satisfactory agreement for the anisotropic case between the theory and experiment were 
observed. 
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INTRODUCTION 
Lamb waves are waves propagating in the plane of a 
plate with traction-free boundaries. In the case of plane 
Lamb waves, the particle displacement is in two directions: 
(1) the wave propagation direction and (2) the thickness 
direction. The third component is zero because the plate is 
considered infinite in the plane of the plate. The governing 
equations for the Lamb waves were first derived by Professor 
Horace Lamb in 1917 in his famous work. • These equations 
were quite complicated and a solution could be obtained 
only in the short and long wavelength limits. In 1945, Os- 
borne and Hart 2 dealt with the problem of waves generated 
by an underwater explosion interacting with steel plates. 
First, a comprehensive solution of Lamb waves was obtained 
by Mindlin 3 in 1950. Later, Viktorov 4 in his book dealt with 
the solution of Lamb waves in great detail. He provided the 
dispersion curves for a material with a Poisson's ratio of 
0.34. According to Viktorov 4and Krautkramer et al., 5 the 
dispersion equations for Lamb waves in a plate immersed in 
a fluid were derived by Schoch. 6 Merkulov 7 has shown that if 
the density of the plate is large compared to that of the im- 
mersion fluid, then the inertia effect of the fluid is negligible. 
He obtained a first-order approximation solution for the 
complex part of the wavenumber, i.e., attenuation. Plona et 
al. 8 have shown that, when the plate density is comparable to 
the fluid density, as in the case of Plexiglas in water for exam- 
ple, then the inertial effects are significant and cannot be 
neglected. 
Most of the work on Lamb waves has been motivated by 
the ultrasonic flaw detection of sheet material. Worlton 9 ex- 
perimentally observed the existence of Lamb waves at Mega- 
cycle frequencies, and Dragonette •ø produced some excel- 
lent visual pictures of the Lamb wave phenomenon by 
Schlieren technique. Various other researchers have studied 
the Lamb waves and used them for nondestructive evalua- 
tion (NDE) of homogeneous plates. • •-•5 This is by no means 
an exhaustive list of the work in this field. With the advent of 
composites as a major structural material, especially in the 
aerospace industry, the attention of the NDE community 
has shifted toward the composites, and many of the NDE 
tools available for the testing of isotropic materials have been 
applied to the composites. Quite naturally, ultrasonics has 
also been used for the NDE of composites with varying de- 
grees of success. The major difficulty in case of the compo- 
sites arises from the fact that the theoretical analysis of wave 
propagation is considerably more difficult. For example, in 
an isotropic material, the wave propagation and energy 
propagation directions are the same; in an anisotropic mate- 
rial, the two are, in general, quite different. 
The general elastic wave problem in a layered composite 
is very complex, and an exact solution is neither possible nor 
needed. Various simplified theories have been proposed, 
which tend to make the calculation of dispersion relations 
manageable. The simplest ones to be proposed were the ef- 
fective modulus theories. 16-18 Here, the geometrically 
weighted average of the constituent properties are used as 
the average material constants. Habegar et al. •8 have re- 
placed the composite plate with an equivalent homogeneous 
anisotropic plate and derived the Lamb wave displacement 
relations using the effective stiffness matrix. They have uti- 
lized these equations for the measurement of the nine elastic 
constants of paper. •9 
Some models 2ø-22 have been proposed to account for the 
dynamic effects of the propagating wave in the plates. These 
models incorporate the influence of the microstructure and 
anisotropy. One such "effective stiffness" theory was pro- 
posed by Sun et al. TM The fiber and matrix displacements are 
expressed as linear expansion about the midplanes of the 
layers. The continuity relations take into account the dy- 
namic interaction of the layers. Bedford et al. 21 have pro- 
posed a diffusing continuum theory where the constituents 
are modeled as superimposed continua that undergo individ- 
ual deformations. These deformations are then coupled to- 
gether in a dynamical process. The theory proposed by Che- 
menti and Nayfeh 22 calculates the effective homogeneous 
2268 J. Acoust. Soc. Am. 85 (6), June 1989 0001-4966/89/062268-09500.80 @ 1989 Acoustical Society of America 2268 
transverse isotropic elastic behavior of a unidirectional com- 
posite in the long wavelength limit, using a two-step proce- 
dure based on alternating layered media. These results were 
then applied to a fluid-loaded anisotropic plate, which is as- 
sumed to approximate the unidirectional fibrous composite 
laminate. The first limitations in all these theories is that 
they only consider ideal unidirectional composites with 
waves traveling in the fiber direction. Practical laminates, 
however, are cross-ply and angle-ply laminates, and the ef- 
fect of waves in these laminates becomes extremely compli- 
cated. The second limitation is that these theories have not 
considered the effect of fluid immersion and, hence, attenu- 
ation due to the leakage into the surrounding medium has 
been neglected. 
As noted earlier, Habegar 18 calculated the dispersive 
equations for a balanced symmetrical laminate in vaccuum 
(i.e., traction-free boundary conditions). The object of the 
present work is to extend his analysis to the case of a lami- 
nate immersed in a liquid. The equations have been written 
in a form so that they can be used in conjunction with the 
effective stiffness matrix generated by any theory. The com- 
posite plate is replaced by an equivalent homogeneous aniso- 
tropic plate. Closed-form dispersion equations are derived 
for both the symmetric and antisymmetric modes of Lamb 
wave propagation; an exact numerical solution is given. Due 
to particle displacement ormal to the plate, waves are also 
set up in the surrounding fluid. This is the mechanism by 
which energy "leaks" from the plate into the liquid; hence, 
the term "leaky Lamb waves." At the risk of stating the 
obvious, the wavenumber is complex; the imaginary part is 
the attenuation and is a measure of the energy leaked into the 
liquid. Stiffness matrix calculated from the "effective modu- 
lus" theory has been used for the results presented here. 
Theoretical results obtained from the dispersion equation 
have been experimentally verified by tests performed on steel 
and aluminum plates. Excellent comparison between the 
theory and experiments was obtained. Finally, the theoreti- 
cal solution for a composite laminate has been verified by 
tests performed on a (0/903) s graphite/epoxy composite 
plate. 
I. THEORY 
The development of the dispersion equations has tradi- 
tionally been approached in two different ways. First, as de- 
veloped by Lamb, the particle displacement U is written in 
terms of a scalar and a vector potential. A plane harmonic 
wave propagating in the plane of the plate is assumed, which 
allows•the potential to be written so that the separation of 
variables technique can be used. The solution of potential 
equations is then used to satisfy the boundary conditions and 
the dispersion equation, linking wave speed and frequency, 
is obtained. The second approach, namely, the method of 
partial waves, is more recent and is followed by Achen- 
bach. 23 Harmonic waves can travel in a plate by reflecting 
back and forth between the two plane surfaces. These waves 
combine in such a manner that in the steady state a wave 
which consists of a traveling wave in the plane of plate and a 
standing wave in the thickness direction is obtained. This 
approach is more fundamental in that it directly provides the 
wave solution and results in a clearer picture of the nature of 
the wave propagation. In the following, the second approach 
has been used. Since all the tests are performed under water, 
wave propagation in a plate immersed in a fluid is considered 
and suitable boundary conditions are applied. 
A liquid-borne longitudinal wave incident on an un- 
bounded plate is shown in Fig. 1. Shown also are the mode- 
converted longitudinal and shear waves in the plate. The 
waves in the liquid along with the waves in the plate must 
sustain themselves to form a steady-state wave pattern in the 
plate. The conditions ofthe continuity of the displac•ements 
and equilibrium of forces at the plate-fluid interface have to 
be satisfied. The coordinate directions used here are the stan- 
dard ones used in the composites literature: directions 1 and 
2 in the plane of the plate while 3 normal to it. 
For any symmetrical composite laminate, the stress- 
strain relation can be written as 
/ 
0'23 1 
0'121 
fell C12 C13 0 0 C16• /611• 
C21C22C23 0 0 C26 • /622 / 
•1 •2 •3 0 0 C36 1/6331 . 
2c44 c45 J16231 2C• 0 0 0 •4 O0 •6311 C61 C62 C63 0 2C6 \•2! 
(1) 
The strain displacement relation can be written as 
eij= ( Ui.j + U•.i )/2, for i, j = 1,2,3. (2) 
The equation of motion in an elastic medium is 
• 0'•j,j =pO'i, i = 1,2,3. (3) 
j=l 
LEAKY WAVES 
•\•, // x TZ • / 
",, 
LEKKY WAVES 
FIG. 1. Generation of Lamb waves in a plate. Each reflection produces a
longitudinal (solid line) and a transverse (dash line) wave. 
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A plane wave traveling in an arbitrary direction x may 
be written as 
oo 
U = Uo exp [ i ( k.x -- rot) ], ( 4 ) 
where U is the displacement vector, Uo its amplitude, and k 
is the wavenumber vector. 
We now assume a plane strain condition considering an 
infinite plate. The displacement U2 and all derivatives with 
respect o y vanish. Substituting Eqs. ( 1 ) and (2) in Eq. (3) 
yields 
pO, = CllU,,11 •- C13U3,31 + G5( U1,33 + U3,13 ), (5) 
ioO3 = C33U3.33 + C, 3U,,,3 + Css( U,.,3 + U3.,, ). (6) 
For a plane wave with displacements in the x and z di- 
rections only, the displacement components U• and U3 can 
be written from Eq. (4), as 
U• = U•o exp[i(kxx + k:z - rot) ] (7) 
and 
U3 = U3o exp [ i( kxx + kzz - rot) ]. (8) 
where Um and U3o are the wave amplitudes. Substituting 
Eqs. (5) and (6) in Eqs. (7) and (8) one obtains 
tOU, o ro2 = C,l Ulok 2x •- ( G5 •- C13) U30kxkz •- G5U, o k 2z 
(9) 
and 
pUoo + + oLL + 
(10) 
Let us define R as 
R = U3o/Ulo 
= (pro•--C,,k} -- Gskz•)/(Gs + C,3)k•kz. (11) 
Eliminating Um and U3o from Eqs. (9) and (10), we get 
a quadratic equation for kz in terms of k• and the elastic 
constants as 
k •- =k•-[--B+ (B2--4D)I/2]/2, (12) Z X • 
where 
B = .Cll 
p k •- p P x 
C55ro2]/C33C55 
and 
U• = exp [ i ( k•x - rot) ] [ M exp (ikzez) + N exp ( -- ikzez) 
+ P exp(ikzmz) + Q exp( - ikzmz) ], (13) 
U3 = exp[ i( kxx - rot) ](R e [M exp(ikzez) 
-- N exp( -- ikzez) ] + R•n [P exp(ikz,"Z) 
- Q exp( - ikz,"Z) ]}, (14) 
where M,N,P,Q are arbitrary constants. 
The boundary conditions to be satisfied for a plate of 
thickness 2d are 
0'33 = C33U3,  •- C13Ui, 1 = --p, at z= +__d (15) 
and 
rr3• = CsU•,3 + C•s3,• = 0, at z = q- d. (16) 
That is, the normal stresses in the plate and the liquid 
are equal and the shear stresses on the plate surface are zero 
as the fluid does not sustain shear. In addition, the continuity 
of displacement demands, 
U3=WL, at z= q-d, (17) 
where W,. is the displacement in the liquid. 
Substituting Eqs. ( 13 ) and (14) in Eqs. ( 15 ) and (16), 
the following set of equations is obtained: 
MGeX + NGe/X + PG," Y + QG,"/Y = ip(z = d), 
(18a) 
MGe/X + NGeX + PG,"/Y + {2(7,, Y = ip(z = -- d), 
(18b) 
MHeX- NH e/X + PH," Y-- QH,"/ Y = 0, 
MHe/X- NHeX + PH,"/ Y-- QH.• Y = 0, 
(18c) 
(18d) 
where 
Ge, rn = C33kze, rn q- C13kx, 
and 
X= exp(ikzed), Y= exp(ikzmd). 
The wave motion in the fluid satisfies the equation 
•+ + k•4,. =0, (19) Ox 2 O• 
where k• = w/c• is the wavenumber and c• is the wave 
speed in the fluid. The form of the potential • in the fluid to 
satisfy Eq. (19) is 
D• 092 G5 092 Cl i/C33G5 
ß 
Let us define kze and kz," as the two values of kz ob- 
tained from Eq. (12) with + or -- signs. Also, R e and R," 
will be the value of R when kze and kz, , respectively, are 
substituted in Eq. ( 11 ). The equations derived above are for 
bulk waves traveling in an unbounded medium. These bulk 
waves traveling in the plate add up, such that, subject o the 
proper boundary conditions, the plate wave solution is ob- 
tained. The two possible plate wave displacements have the 
following forms: 
q•r = q•o exp[i(k•x + kzz - rot) ]. (20) 
Substituting Eq. (19) in Eq. (18), it can be readily 
shown that 
The potential •b•. corresponds to a wave in the fluid that 
propagates along the plate in the x direction and decays ex- 
ponentially along the z direction. This wave in the fluid has 
to be compatible with the Lamb wave in the plate. It means 
that this wave must pursue a path along the x axis with a 
velocity equal to the phase velocity of the Lamb waves. The 
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displacement in the fluid WL can be calculated from the 
potential by 
Wr = - ikz qbo exp [ i( kxx + kzz - cot) ]. (21 ) & 
Applying the boundary conditions Eq. (17) to Eqs. 
(14), (21), and (18b) we get 
and 
mM + nN + rP + sQ = ikzqbo exp(ikzd) (22) 
-- nM-- mN-- sP- rQ = - ikzqb o exp( - ikzd), 
(23) 
where 
m,n = __+ Re exp( ___ ikzed) 
and 
r,s = ___ Rm exp( ___ ik•md). 
From Eqs. (18c) and (18d), we can write 
aM- bN + cP- eQ = O, 
bM- aN + eP- cQ = O, 
where 
a,b = H e exp( ___ ik•ed) 
and 
c,e- Hm exp( q- ik•md). 
From Eqs. (24) and (25), we get 
N= [ (ae -- bc)P + (be - ac)Q ]/(a 2 + b 2) 
= N,P + N2Q 
and 
(24) 
(25) 
(26) 
M= [ (be -- ac)P + (ae - bc)Q ]/(a 2 + b 2) 
= N2P + N,Q (27) 
where N•=(ae-bc)/(a 2+b2) and N2=(be-ac)/ 
(a 2 -- b 2).. 
Substituting the values of M and N into Eqs. (22) and 
(23), we can write 
(g + I)(P+ Q) = ikzqbo[exp(ikzd) + exp( - ikzd) ], 
, (28) 
where g = mN2 + nN1 + r and l = mN1 + nN2 + s. 
Similarly, substituting the values of M and N into Eqs. 
(18a) and (18b), 
P + Q= i[p(z = d) + p(z = - d) ]/(F• + F2) , (29) 
where 
F, = N2G•X + N, Gp/X + G,, Y; 
- S,%X + N:%/X + a/r. 
Comparing Eq. (28) with Eq. (29) yields 
p(z = d) + p(z = - d) 
Fi 
k•qbo[exp(ikzd) + exp( - ik•d) ] 
• o 
(g + l) 
(30) 
The pressure in the fluid can be calculated from the po- 
tential •bL from the relation 
[c•x2 + •z 2 , (31) 
which gives 
p(z=d) +p(z= -d) = -,;[z,(k 2 + k2)qbo[exp(ik•d) 
- exp( - ik•d) ]. (32) 
Substituting Eq. (32) in Eq. (30) yields 
[k } - k2• ] '/2/(g + l) + prco2/(F, +F 2) --0. 
Simplifying F• + F2 and g + h, substituting into Eq. 
(33 ), and rearranging the equations give, for the symmetric 
mode, 
tan(kzed) Gert m eLco 2tan(kzmd) 
tan(kzmd) GmH e p(Gm/p)[k2• --k•] 1/2 
X [ -- (Hm/He)R p + R,• ] = 0. (34) 
, Similarly, we can show that, for the antisymmetric 
mode, the governing equation is 
tan(kzmd) GeHm //gL CO 2 cot (k•ed) 
tan(kzed) GmHp p(Gm/p) [kz2 - k•; ] 1/2 
X [ (Hm/He)R e - Rm ] =0. (35) 
It is quite laborious, but not difficult, to show that, for 
an isotropic material, Eqs. (34) and ( 35 ) reduce to the equa- 
tions (11.43) and (11.44) obtained by Viktorov. 4 
The first two terms of Eqs. (34) and (35 ) represent he 
dispersion relations for composite plate in vacuum. The 
third or the complex part of the equations is due to the im- 
mersion of plate in a liquid. It is observed that almost all 
factors in the equations are complex and the required root k• 
is also complex. These complex transcendental equations 
were solved by a numerical algorithm, which is described 
next. 
II. SOLUTION METHODOLOGY FOR DISPERSION 
EQUATIONS 
The solutions of the dispersion equations for composite 
plates immersed in a fluid are obtained by the following two- 
step procedure. 
(i) The correct value of k, of course, is complex. How- 
ever, as a point of departure, k is taken to be real and the 
dispersion equation for a plate in air is used. In other words, 
the imaginary part of Eqs. (34) and (35) is ignored. The 
roots for the remaining equation are obtained by a linear 
search method. The search is conducted in small steps vary- 
ing either the wave speed or the frequency while keeping the 
other fixed. Both modes of search are useful depending on 
the gradients of the dispersion curves in a particular region. 
The roots are then calculated precisely by the bisection tech- 
nique. 24 
(ii) In the second step, a search is made for the complex 
roots of k, i.e., for 
k = k• + ik2. (36) 
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Substituting in the complete dispersion equation (34) 
or (35) for an immersed plate, we can write these equations 
in the form 
Re(kl,k 2) + i Im(kl,k 2) = 0, (37) 
where Re and Im are the real and imaginary parts of the 
dispersion equation. Now, for a solution to exist, both the 
real and imaginary parts must be simultaneously zero; i.e., 
Re(kl,k2) = 0 (38) 
and 
Im(kl,k2) = 0. (39) 
Thus we have two transcendental equations with two 
unknowns k• and k 2. The modified Newton's (Secant) 
method is used to arrive at the roots of these equations. The 
initial estimate of the roots is k l as obtained from step one 
(kl for the Lamb wave in the plate in air) and k 2 = 0. Now, 
kl is incremented in steps of 0.1 and k 2 in steps of 0.01. Since 
the Newton's method converges quadratically, the roots are 
obtained fairly rapidly. The nature of these equations is quite 
complicated and, at places, roots are close together. It is 
difficult to study the uniqueness and convergence of all the 
roots for such a complicated equation. Hence, it is quite pos- 
sible that depending on the gradient of the equations and 
roots being close to each other, the solution may converge to 
some nearby root. To guard against this occurrence, we drew 
the complete dispersion curve diagram. It was found that, in 
general, the convergence was unique and rapid. Only at a few 
points the solution did not converge and sometimes it would 
converge at a nearby root. These points could be easily iden- 
tified from the dispersion diagrams by using the following 
criterion: Since the dispersion curves in air are smooth, it is 
reasonable to expect that the dispersion curves for the plate 
immersed in the fluid will also be smooth. 
In the foregoing, the effective elastic moduli of the plate 
were calculated using the classical aminate theory. Heuris- 
tically, when the wavelength is very large compared to the 
plate thickness, one would expect our calculations to be a 
fairly accurate representation of the reality. On the other 
extreme, when the wavelength is short compared to the plate 
thickness and, more importantly, where it is comparable to 
the plate thickness, clearly the theory is expected to break 
down, for now the wave begins to "see" the individual plies. 
A question of practical significance is: Where does the tran- 
sition occur? A systematic examination of the issue is beyond 
the scope of the work. However, in the following, we have 
proved this issue to a limited extent. This was the motivation 
for carrying out the experiments described next. It will be 
sho,wn that the elementary "rule of mixtures" theory gives 
surprisingly good results up to ktd = 3.5, where k t is the 
shear wavenumber. 
III. EXPERIMENTAL PROCEDURE 
Shown in Fig. 2 is a block diagram of the experimental 
setup. The pulse generator produces a trigger signal, which is 
used to trigger the signal generator and also set the initial 
time ( t = 0) for the digitizing oscilloscope. The signal gener- 
ator is used to produce a tone burst, which is about 10-20 
PULSE GENERATDR 
SIGNAL GENERATOR 
CDMPUTER 
BIGITIZING 
aSCILLaSCDPE 
Pa•/ER AMPLIFIER SIGNAL AMPLIFIER 
TRANSMITTER• D 
WATER,_L•A•pHEciMEN + 
FIG. 2. Block diagram of the experimental setup. 
cycles long. This wavetrain is amplified to about 200 V and 
fed into the transmitting transducer, which launches a longi- 
tudinal wave in water. This wave is mode converted into a 
leaky Lamb wave in the specimen. These leaky Lamb waves 
are sensed by the receiver, which can be placed on either side 
of the specimen; see Fig. 3. Only the transmission mode 
[Fig. 3 (a) ] was used in this work. The signal from the re- 
ceiver is amplified to about 1 V and fed into a digital oscillo- 
scope. All measurements are made with a reference peak 
near the center of the signal where it appears to have a steady 
state. Note that a single cycle of signal will not. be able to 
establish a good Lamb wave. When 1 cycle of a sine wave is 
input into the transducer, due to the damping characteristics 
of the transducer, certain transient frequencies are pro- 
duced. Since these frequencies do not correspond to the fre- 
quencies required to sustain Lamb waves in the plate, good 
Transmltter Front Surface 
• Reflection 
Lamb Wave 
Receiver 
FIG. 3. Generation and reception of leaky Lamb waves: (a) Transmission 
and (b) reflection modes. 
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Lamb waves will not be produced. Hence, a long wavetrain is 
used that establishes the frequency of the signal and the ef- 
fect of the transients can be ignored. 
The transmitter and the receiver move on precision 
traveling mechanisms graduated to 0.001 in. The specimen is 
mounted on a turntable graduated to 0.1 deg. When the 
specimen is rotated, the transducers are moved accordingly 
so that the same length of the specimen is always interrogat- 
ed. The specimen is rotated in small steps and the peak am- 
plitude and location of a reference peak of the wave train is 
recorded. 
The specimen is fixed at the angle identified as the Lamb 
angle for the measurement of attenuation. The receiver is 
moved by 0.5 ( 12.7 mm) in. in steps of 0.05 ( 1.27 mm) in. 
and the received signal is recorded. An exponential curve is 
fitted through this amplitude decay and the attenuation co- 
efficient is estimated by the least-squares fit. The composite 
specimens tested during this work were fabricated using 
Magnamite AS4/3502 graphite/epoxy prepreg tapes manu- 
factured by Hercules Inc. 
IV. RESULTS AND DISCUSSION 
The accuracy of our theory was checked in two ways: 
(1) against previous theories and (2) against our own ex- 
periments. 
The dispersion equations for a steel plate in water were 
solved with c,,- c22 =c33, c12 = C13 = C23, and c,•- (E/ 
p) 2, and a complex wavenumber was calculated. Figure 4(a) 
shows the dispersion curves for the steel plate. The solid lines 
are for the symmetric mode (So,S•,S2,...) and the dashed lines 
are for the asymmetric mode (ao,a •,a2,... ). Merkulov 7 did a 
corresponding analysis for an isotropic material but his solu- 
tion was a first-order approximation. Even then, he was able 
to get good results because his assumption of PL/P'• 1 is 
valid for steel plate in water, where pL/p•O. 128. Figure 
4(b) shows the attenuation for the first two modes. The ap- 
proximate solution obtained by Merkulov is also shown and 
is fairly close to our exact solution. In conclusion, the ap- 
proximate analysis of Merkulov 7serves to check our exact 
solution. 
Next, the solution of the dispersive quations for an alu- 
minum plate are presented in Fig. 5. (We note in passing that 
for aluminum p•/p -- 0.37, which is not negligible in com- 
parison to one and, therefore, Viktorov's calculation may be 
quite inaccurate.) The dispersion curves are exactly as ob- 
tained by Viktorov 4but attenuation curves cannot be com- 
pared since no earlier work is available. Next, we describe 
the experimental results obtained with an aluminum plate. 
For a fixed frequency k,d, we measure the received ampli- 
tude as a function of the angle of incidence. The results are 
presented for three different values of k,d in Fig. 6. The 
peaks in the received signal correspond to the correct angle 
of incidence or "Lamb angle," which is governed by Snell's 
law: 
lO 
½•) 
--- 8 
i 
0 4 6 8 10 
fd (MHz. ram) 
1.4 THIS WORK MERKULOV 
1.2 a .... a ......... 
• 0.8 
5 
• 0.6 iil _-'•' Sl 
O. 4 .•-- ./' 
0 ' , •, , , , '•-I 
0 2 4 6 8 10 
fd (•z.•) 
FIG. 4. (a) Dispersion curves and (b) attenuation curves for a steel plate 
immersed in water. 
3.0 
2.0 
1.0 
0 4 8 12 16 20 
ktd 
2.5 
• Sl ß 1.5 .-' 
• S 0 - 
ß --- . 
• 1.0 ' ''•' 
0.• .''' .•• 
0 1 2 3 4 5 6 
FIG. 5. (a) Dispersion curves and (b) attenuation curves for an aluminum 
plate immersed in water. Discrete points are experimental. 
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sin ( 0 i )/sin ( O r ) ----- Cw/CL, (40) 
where 0• is the angle of incidence, 0 r is the angle of refraction 
( = rr/2 for Lamb waves), cw is the wave speed in water, and 
cr is the Lamb wave speed. Thus 
cr = %/sin (0i). (41 ) 
It is noted, in Fig. 6(a), at k,d = 1.0, that two peaks are 
obtained. Converted to wave speeds with Eq. (41 ), the val- 
ues are shown as circled dots on the dispersion curves in Fig. 
5(a). The same comment applies to peaks in Fig. 6(b) and 
(c). The attenuation was measured as described earlier. 
Measured values of the attenuation coefficient for an alumi- 
num plate are shown as circles in Fig. 5 (b). For the ao and a 1 
modes, the agreement between theory and experiments is 
excellent. For the So mode, the agreement is excellent as far 
as the lowest k•d (1.0) but becomes poorer as ktd increases. 
The reason for this becomes very clear when Figs. 5(b) and 6 
are examined together: The attenuation of the So mode in- 
creases very rapidly with k•d-•2.0 [Fig. 5(b) ]. This results 
in a correspondingly small received signal for the So mode 
(Fig. 6) and a poor signal-to-noise ratio. Hence, a larger 
scatter in data is to be expected. The importance of calculat- 
ing attenuation curves becomes apparent: Whenever possi- 
ble, the tests should be performed at low attenuation values 
to get accurate results. 
Two questions arise at this stage regarding these mea- 
surements: ( 1 ) How do we ensure that the angle at which the 
measurement is made is the correct Lamb angle? (2) Is the 
maximum amplitude criterion sufficient to guarantee that 
the angle is a Lamb angle? These questions are addressed 
here. 
The angle of incidence for the Lamb waves can be 
checked by a very simple method. Shown in Fig. 7 is the 
schematic of the signal traveling through the specimen. 
When the receiver is at its initial location, the total travel 
time is given by 
ti = l, + l 2 q- 14. (42) 
C w C C w 
As the receiver is moved by a distance x, the travel time 
becomes 
tf----ll q- 12 q- 13 q- 15 . (43) 
Cw CL CL Cw 
The difference in the two arrival times is 
1.0 
0.6 
0.4 
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0.5 
ktd= 1.0 
a0 
t } • I • I I 
10 20 30 40 
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(].3 
r• 02 
- 
0.1 
(b) ktd=2.25 
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a 0 
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ANGLE OF INCIDENCE (Degrees) 
(o) ktd=3.5 
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• ß 
• Sl ao • 02 
• ß 
O' 
0 10 2O 3O 4O 
ANGLE OF INCIDENCE (Degrees) 
FIG. 6. Received signal amplitude as a function of angle of incidence, at 
K,d = 1.0, 2.25, and 3.5 for aluminum plate in water. 
13 (14 - 15 13 x tan(O) At = tf- t i ---- q- ------ 
CL Cw CL Cw 
= x/[c,. cos(O) ] - x tan(O)/c•. (44) 
When Snell's law, Eq. (40), is substituted in Eq. (44), it 
is seen that At = 0. This means that at the correct Lamb 
angle, when the receiver is moved by any arbitrary distance, 
the total time taken by the wave to travel from the emitter to 
receiver remains unchanged and only its amplitude is re- 
duced. Hence, in a single experiment, the attenuation is ob- 
tained and the correctness of the Lamb angle is verified. The 
precision of the procedure was found to be 0.1 deg. 
RECEIVER 
TRANSMITTER 
FIG. 7. Travel time for a Lamb wave in a plate. 
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Next,' tests were performed on a (0/903) s graphite/ep- 
oxy composite. The dispersion and attenuation curves for 
this specimen are shown in Fig. 8 (a) and (b), respectively. 
(The derivation of elastic constants for this laminate is de- 
ferred to the Appendix. ) The experimental results are shown 
as discrete circles in Fig. 8. The comparison between the 
theory and experiments is considered reasonable. On the dis- 
persion curves, the comparison does not ldok very good, but 
the reason for this discrepancy is as follows. The stiffness 
coefficients used to solve the dispersion equations are for an 
ideal composite, with coefficients obtained by the rule of 
mixtures. Since the laminate used for the tests was fabricated 
by the author, it is expected that the properties of the lami- 
nate will not be as good as the theory suggests. The statically 
measured stiffness of the laminate is lower and the corre- 
sponding wave speed is shown as an arrow in the figure. In 
view of the reduced value of C ll the entire dispersion curves 
will be shifted downwards and then an excellent agreement 
between theory and experiment will be observed. This also 
means that all the elastic constants to be used in the equa- 
tions should be determined experimentally. Then only, the 
solution of the dispersion curves will be truly representative 
of the response of the plate. The low attenuation values 
shown in Fig. 8 (b) could be measured, but then the attenu- 
ation rises very rapidly and cannot be measured at higher 
frequencies due to the reasons described earlier. 
lO 
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FIG. 8. (a) Dispersion curves and (b) attenuation curves for a (0/903) • 
laminate in water. Discrete points are experimental. 
Finally, in this paper, we have reported theoretical and 
experimental procedures for investigating leaky Lamb 
waves in composite laminates. The motivation for this work 
came from the ultrasonic nondestructive evaluation 
(UNDE). As a composite laminate is damaged, the stiffness 
decreases and the attenuation increases. Thus, from a mea- 
surement of stiffness and attenuation, one can deduce the 
extent of damage. Measurement of these quantities in the 
through-the-thickness direction is a relatively straightfor- 
ward matter and was the subject of a recent investigation by 
the present authors (Kinra and Dayal).25 However, it is of 
equal, if not greater, interest o measure the in-plane stiffness 
and attenuation. We have measured these quantities as a 
function of damage in graphite/epoxy laminates; this will be 
the subject of a follow-up paper by the authors. 
V. CONCLUSIONS 
We have considered the propagation of leaky Lamb 
waves in a balanced symmetric laminate immersed in a liq- 
uid. An exact solution for the dispersion equation has been 
derived. The wave speed and the attenuation were also mea- 
sured experimentally for a (0/903) s laminate. The agree- 
ment between the theory and experiment was found to be 
quite good. 
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APPENDIX 
The stiffness of an orthotropic lamina is fully defined by 
the following elastic constants: 
•Ellll El122 El133 0 0 0 
E2211 E2222 E2233 0 0 
E3311 E3322 E3333 0 0 
ß 
0 0 0 E2323 0 
0 0 0 0 E3131 
% 0 0 0 0 0 E1212 / 
(A1) 
For a lamina with a fiber orientation in an arbitrary 
direction, this stiffness tensor has to be written in the rotated 
coordinate directions. For a fourth-order tensor, the trans- 
formation law is 
T •/-- apiaqjar/•as/rpqrs , (A2) 
where a u is the direction cosine between directions i and j. 
Let directions 1 and 2 be in the plane of the plate and a 
rotation 0 takes place about axis 3. Substituting the rotation 
angle in the transformation law and writing the stiffness in 
the contracted notation, the following nonzero terms are ob- 
tained, 
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Ejkl = 
!C•l C12 C13 0 0 C16 ! 
C' C' C' 0 0 C26 21 22 23 
' 0 0 C' C' C ;2 C 33 36 31 
0 0 0 C' C' 0 44 45 
0 0 0 C' C' 0 54 55 
•C 61 C •i2 C 63 0 0 C 66j 
(A3) 
Only the above terms will be effective when the stiffness 
matrix is synthesized. 26Hence, this matrix is used in deriv- 
ing the governing equations for the Lamb waves. We observe 
from the main body of derivations of the dispersion equa- 
tions that the terms left after simplifications are C• l, C13, C33, 
and C55. 
Relating the stiffness to modulus properties and the la- 
mina being transversely isotropic, with E3 =E2 and 
v13 = Vi2 , the following relations are obtained: 
Cll = El/(1 -- v12¾21), 
C13 = v•=E=/( 1 -- 'Vl='V21 ), 
C33 --- E2/( 1 -- v•=V=l ), 
C55 = G13 = G12. (A4) 
For the AS4/3 502 lamina, the following properties were 
measured: 
48.0 GPa, 
E2 = 11.0 GPa, 
=0.27, 
and 
¾21 =0.0199, 
Gi2 • 4.83 GPa, 
were used to estimate the laminate properties. 
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